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Abstract. We study individual rational, Pareto optimal, and incentive
compatible mechanisms for auctions with heterogeneous items and bud-
get limits. For multi-dimensional valuations we show that there can be
no deterministic mechanism with these properties for divisible items.
We use this to show that there can also be no randomized mechanism
that achieves this for either divisible or indivisible items. For single-
dimensional valuations we show that there can be no deterministic mech-
anism with these properties for indivisible items, but that there is a
randomized mechanism that achieves this for either divisible or indivis-
ible items. The impossibility results hold for public budgets, while the
mechanism allows private budgets, which is in both cases the harder vari-
ant to show. While all positive results are polynomial-time algorithms,
all negative results hold independent of complexity considerations.

1 Introduction

A canonical problem in Mechanism Design is the design of economically efficient
auctions that satisfy individual rationality and incentive compatibility. In set-
tings with quasi-linear utilities these goals are achieved by the Vickrey-Clarke-
Groves (VCG) mechanism. In many practical situations, including settings in
which the agents have budget limits, the quasi-linear assumption fails to be true
and, thus, the VCG mechanism is not applicable.

Ausubel [2] describes an ascending-bid auction for homogencous items that
yields the same outcome as the sealed-bid Vickrey auction, but offers advantages
in terms of simplicity, transparency, and privacy preservation. In his concluding
remarks he points out that “when budgets impair the bidding of true valuations
in a sealed-bid Vickrey auction, a dynamic auction may facilitate the expression
of true valuations while staying within budget limits” (p. 1469).

Dobzinski et al. [7] show that an adaptive version of Ausubel’s “clinching
auction” is indeed the unique mechanism that satisfies individual rationality,
Pareto optimality, and incentive compatibility in settings with public budgets.
They use this fact to show that there can be no mechanism that achieves those
properties for private budgets.
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An important restriction of Dobzinski et al.’s impossibility result for private
budgets is that it only applies to deterministic mechanisms. In fact, as Bhat-
tacharya et al. [4] show, there exists a randomized auction that is individual
rational, Pareto optimal, and incentive compatible with private budgets.

All these results assume that the items are homogeneous, although as Ausubel
[3] points out, “situations abound in diverse industries in which heteroge-
neous (but related) commodities are auctioned” (p. 602). He also describes an
ascending-bid auction, the “crediting and debiting auction”, that takes the place
of the “clinching auction” when items are heterogeneous.

Positive and negative results for deterministic mechanisms and public budgets
are given in [8, 10} [9] 6]. We focus on randomized mechanisms, and prove positive
results for private budgets and negative results for public budgets. We thus
explore the power and limitations of randomization in settings with heterogeneous
items and budget limits.

Model. There are n agents and m items. The items are either divisible or indi-
visible. Each agent has a valuation for each item and each agent has a budget.
Agents can be assigned more than one item and valuations are additive across
items. All valuations are private. We distinguish between settings in which bud-
gets are public and settings in which budgets are private. A mechanism is used
to compute assignments and payments based on the reported valuations and the
reported budgets. An agent’s utility is defined as valuation for the assigned items
minus the payment if the payment does not exceed the budget and the utility is
minus infinity otherwise. We assume that agents are utility maximizers and as
such need not report their true valuations and true budgets.

Our goal is to design mechanisms with certain desirable properties or to show
that no such mechanism exists. For deterministic mechanisms we require that
the respective properties are always satisfied. For randomized mechanisms we
either require that the properties hold for all outcomes or that they hold in
expectation. In the former case we say that they are satisfied ex post, in the
latter case we say that they are satisfied ex interim.

We are interested in the following properties:

(a) Individual rationality (IR): A mechanism is IR if all outcomes it pro-
duces give non-negative utility to the agents and the sum of the payments is
non-negative. (b) Pareto optimality (PO): A mechanism is PO if it produces
an outcome such that there is no other outcome in which all agents and the
auctioneer are no worse off and at least one of the agents or the auctioneer is
strictly better off. [ (¢) No positive transfers (NPT): A mechanism satisfies NPT
if it produces an outcome in which all payments are non-negative. (d) Incentive
compatibility (IC): A mechanism is IC if each agent maximizes his utility by re-
porting his true valuation(s) and true budget no matter what the other agents’

! If the outcome for which we want to establish PO is IR, then we only have to consider
alternative outcomes that are IR. In the alternative outcome individual payments
may be negative, even if the original outcome satisfied IR and NPT. See the arXiv
version of 8] for a more detailed discussion.
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reported valuations and reported budgets are. If the budget is public then the
agents can only report their true budgets. Following prior work we focus on IR,
PO, NPT, and IC for positive results and on IR, PO, and IC for negative re-
sults. Both the inclusion of NPT for positive results and the exclusion of NPT
for negative results strengthens the respective results.

Results. We analyze two settings with heterogeneous items, one with multi-
dimensional valuations and one with single-dimensional valuations. In the setting
with multi-dimensional valuations, each agent has an arbitrary, non-negative
valuation for each of the items. In the setting with single-dimensional valuations,
which is inspired by sponsored search auctions, an agent’s valuation for an item
is the product of an item-specific quality and an agent-specific valuation. Our
motivation for studying this setting is that an advertiser might want to show his
ad in multiple slots on a search result page.

(a) For multi-dimensional valuations the impossibility result of [§] implies
that there can be no deterministic mechanism for indivisible items that is IR,
PO, and IC for public budgets. We show that there also can be no determin-
istic mechanism with these properties for divisible items. We use this to show
that for both divisible and indivisible items there can be no randomized mech-
anism that is IR ex interim, PO ex interim, and IC ex interim. This is the
first impossibility result for randomized mechanisms for auctions with budget
limits. It establishes an interesting separation between randomized mechanisms
for single-dimensional valuations, where such mechanisms exist (see below), and
multi-dimensional valuations, where no such mechanism exists.

(b) For single-dimensional valuations the impossibility result of [7] implies
that there can be no deterministic mechanism for indivisible items that is IR,
PO, and IC for private budgets. We show that for heterogeneous items there
can also be no deterministic mechanism for indivisible items that is IR, PO, and
IC for public budgets. We thus obtain a strong separation between deterministic
mechanisms, that do not exist for public budgets, and randomized mechanisms,
that exist for private budgets (see below). This separation is stronger than in
the homogeneous items setting, where a deterministic mechanism exists for pub-
lic budgets [7]. Additionally, our impossibility result is tight in the sense that
if any of the conditions is relaxed such a mechanism exists: (i) For homoge-
neous, indivisible items a deterministic mechanism is given in [7], (ii) we give a
deterministic mechanism for heterogeneous, divisible items, and (iii) we give a
randomized mechanism for heterogeneous, indivisible items.

(c) For single-dimensional valuations we give mechanisms that extend ear-
lier work for homogeneous items to heterogeneous items. Specifically, we give a
randomized mechanism that satisfies IR ex interim, NPT ex post, PO ex post,
and IC ex interim for divisible or indivisible items and public or private bud-
gets. Additionally, for the case of divisible items and public budgets we give a
deterministic mechanism that is IR, NPT, PO, and IC.

We summarize our results and the results from related work described next
in Table [Il and Table [ below.



Auctions with Heterogeneous Items and Budget Limits 47

Related Work. The setting in which all items are identical was first studied by
[7]. By adapting the “clinching auction” of [2] from settings without budgets to
settings with budgets they obtain deterministic mechanisms that are IR, NPT,
PO, and IC with public budgets for divisible and indivisible items. They also
show that these mechanisms are the only mechanisms that are IR, PO, and IC,
and that they are not IC for private budgets, implying that there can be no
deterministic mechanism that is IR, PO, and IC when the budgets are private.
However, [4] showed that there is such a mechanism for private budgets that is
randomized. Note that both, [7] and [4] study only homogeneous items.

Impossibility results for general, non-additive valuations were given in [I0}, [6]
9]. Combined they show that there can be no deterministic mechanism for indi-
visible items that is IR, PO, and IC with public budgets for monotone valuations
with decreasing marginals. These impossibility results do not apply to additive
valuations, which is the case that we study.

Heterogeneous items were first studied in [§]. In their model each agent has
the same valuation for each item in an agent-dependent interest set and zero for
all other items. They give a deterministic mechanism for indivisible items that
satisfies IR, NPT, PO, and IC when both interest sets and budgets are public.
They also show that when the interest sets are private, then there can be no
deterministic mechanism that satisfies IR, PO, and IC. This implies that for
indivisible items and public budgets there can be no deterministic IR, PO, and
IC mechanism for unconstrained valuations.

Settings with heterogeneous items were in parallel to this paper studied by
[6] and [9]. The former study problems with multiple keywords, each having
multiple slots. Agents have unit demand per keyword. They are either interested
in a subset of the keywords and have identical valuations for the slots or they
are interested in all keywords and have sponsored search like valuations for the
slots. The latter study settings in which the agents have identical valuations and
the allocations must satisfy polymatroidal or polyhedral constraints.

The settings studied in [6, [9] are more general than the single-dimensional
valuations setting studied here. On the one hand this implies that their posi-
tive results apply to the single-dimensional valuations setting studied here, and
show that there are deterministic mechanisms for divisible items and random-
ized mechanisms for both divisible and indivisible items that are IC with public
budgets. On the other hand this implies that our negative result for the single-
dimensional valuations setting applies to the settings studied in these papers,
and shows that there can be no deterministic mechanisms that are IC with pub-
lic budgets for indivisible items. Finally, the impossibility results presented in
[6, 9] either assume that the valuations are non-additive or that the allocations
satisfy arbitrary polyhedral constraints and have therefore no implications for
the multi-dimensional valuations setting studied here.

Overview. We summarize the results from related work and this paper for
indivisible items in Table [l and for divisible items in Table 2l We use a plus (+
or @) to indicate that there is an IR, PO, NPT, and IC mechanism. We use a
minus (— or ©) to indicate that there is no IR, PO, and IC mechanism. We use
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+ and — for results from related work and @ and © for results from this paper.
A question mark (?) indicates that nothing is known for this setting. For the
model of [8] the table has two entries, one for public and one for private interest
sets. While all positive results from this paper are polynomial-time algorithms,
all negative results hold independent of complexity considerations.

Table 1. Results for Indivisible Items from Related Work and this Paper

homogeneous heterogeneous & additive
interest set multi-keyword . . .o
budgets add. non-add. public/private unit demand single-dim. multi-dim.
det public + [7] —[10, 6] +[81/—[8] o © — 8
private — [7] -7 —[7)/-[7] - [ - -M
cand public + [7] ? +[8]/7 —+[6} 9] @ S}
" private + [4] ? ?/7 ? @ S
Table 2. Results for Divisible Items from Related Work and this Paper
homogeneous heterogeneous & additive
) polymatroid multi-keyword . i . 13
budgets add. non-add. constraints  unit demand single-dim. multi-dim.
det public + [7,. 4] —[9] +[9] -+[6, 9] @ S
* private —[7]  —[7] - M - M - M - M
rand public + [7, 4] ? +[9] +1[6, 9] @ ©
" private + [4] ? ? ? @ S

Techniques. Our technical contributions are as follows:

(a) For multi-dimensional valuations we obtain a partial characterization of
IC by generalizing the “weak monotonicity” (WMON) condition of [5] from set-
tings without budgets to settings with public budgets. We obtain our impossibility
result for deterministic mechanisms and divisible items by showing that in cer-
tain settings WMON will be violated. For this we use that multi-dimensional
valuations enable the agents to lie in a sophisticated way: While all previous
impossibility proofs in this area used agents that either only overstate or only
understate their valuations, we use an agent that overstates his valuation for one
item and understates his valuation for another.

(b) For single-dimensional valuations and both divisible and indivisible items
we characterize PO by a simpler “no trade” (NT) condition. Although this con-
dition is more complex than similar conditions in [7, 4, [§], we are able to show
that an outcome is PO if and only if it satisfies NT. We also generalize the
“classic” characterization results of IC mechanism of [111 [I] from settings with-
out budgets to settings with public budgets by showing that a mechanism is IC
with public budgets if and only if it satisfies “value monotonicity” (VM) and
“payment identity” (PI). The characterizations of PO and IC with public bud-
gets play a crucial role in the proof of our impossibility result for indivisible
items, which uses NT and PI to derive lower bounds on the agents’ payments
that conflict with the upper bounds on the payments induced by IR.
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(c) We establish the positive results for single-dimensional valuations and
both divisible and indivisible items by giving a new reduction of this case to the
case of a single and by definition homogeneous item. This allows us to apply
the techniques that [4] developed for the single-item setting. This is a general
reduction between the heterogeneous items setting and the homogeneous items
setting, which is likely to have further applications.

(d) We give an explicit polynomial-time algorithm for the “adaptive clinching
auction” for divisible items and an arbitrary number of agents. To the best of
our knowledge we are the first ones to actually give a polynomial-time version
of this auction for arbitrarily many agents.

Due to space constraints we omit some proofs and the description of the
polynomial-time algorithm from this extended abstract, and refer the reader
to the full version of the paper for details.

2 Problem Statement

We are given a set N of n agents and a set M of m items. We distinguish between
settings with divisible items and settings with indivisible items. In both settings
we use X = [[;_, X; for the allocation space. For divisible items the allocation
space is X; = [0,1]™ for all agents ¢ € N and x; ; € [0, 1] denotes the fraction of
item j € M that is allocated to agent ¢ € N. For indivisible items the allocation
space is X; = {0,1}™ for all agents ¢ € N and z; ; € {0,1} indicates whether
item j € M is allocated to agent ¢ € N or not. In both cases we require that
Yo @i; < 1for all items j € M. We do not require that Z;nzl z;; <1 for all
agents i € N, i.e., we do not assume that the agents have unit demand.

Each agent ¢ has a type 6; = (v;,b;) consisting of a valuation function v; :
Xi = R>¢ and a budget b; € R>¢. We use © = H?Zl O, for the type space.
We consider two settings with heterogeneous items, one with multi- and one
with single-dimensional valuations. In the first setting, each agent ¢ € N has a
valuation v; ; € R> for each item j € M and agent ¢’s valuation for allocation x;
is v;(x;) = Z;"Zl x;,j0i,j. In the second setting, which is inspired by sponsored
search auctions, each agent ¢ € N has a valuation v; € R>g, ecach item j €
M has a quality a; € R>g, and agent ¢’s valuation for allocation z; € X;
is v;i(x;) = Z;nzl x; 50505, For simplicity we will assume that in this setting
a1 > g > - >y, and that v1 > wvg > - > v, > 0.

A (direct revelation) mechanisms M = (x,p) consisting of an allocation rule
z: 6 — X and a payment rule p : @ — R" is deployed to compute an outcome
(z,p) consisting of an allocation z € X and payments p € R™. We say that a
mechanism is deterministic if the computation of (x,p) is deterministic, and it
is randomized if the computation of (z, p) is randomized.

We assume that the agents are utility maximizers and as such need not report
their types truthfully. We consider settings in which both the valuations and
budgets are private and settings in which only the valuations are private and
the budgets are public. When the valuations resp. budgets are private, then the
other agents have no knowledge about them, not even about their distribution.
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In the former setting a report by agent ¢ € N with true type 6; = (v;, b;) can be
any type 0, = (v}, b}). In the latter setting agent ¢ € N is restricted to reports
of the form 0, = (v}, b;). In both settings, if mechanism M = (x,p) is used to
compute an outcome for reported types 8’ = (01, ...,0.,) and the true types are

Y Vn
0 = (01,...,0,) then the utility of agent i € N is

/ / 3 /

ui(xi(0'),pi(0"), 0;) = {vz(xZ(G ) = pul) A pil6 ) = bip and
—00 otherwise.

For deterministic mechanisms and their outcomes we are interested in the fol-

lowing properties:

(a) Individual rationality (IR): A mechanism is IR if it always produces an IR
outcome. An outcome (z,p) for types 6 = (v,b) is IR if it is (i) agent rational:
u;(z;,pi, 0;) > 0 for all agents i € N and (ii) auctioneer rational: > p; > 0. (b)
Pareto optimality (PO): A mechanism is PO if it always produces a PO outcome.
An outcome (z,p) for types 6 = (v, b) is PO if there is no other outcome (2, p’)
such that u; (2}, p}, 0;) > w;(x;, p;, 6;) for all agentsi € N and Y, pf > >0 i,
with at least one of the inequalities strictE (c) No positive transfers (NPT): A
mechanism satisfies NPT if it always produces an NPT outcome. An outcome
(x, p) satisfies NPT if p; > 0 for all agents i € N. (d) Incentive compatibility (IC):
A mechanism satisfies IC if for all agents ¢ € N, all true types 6, and all reported
types 0’ we have u;(x;(0;,0",),0:(0:,0,),0;) > u;(x; (0,0 ,),p:(0.,0",),0;).

If a randomized mechanism satisfies any of these conditions in expectation,
then we say that the respective property is satisfied ex interim. If it satisfies any
of these properties for all outcomes it produces, then we say that it satisfies the
respective property ex post.

3 Multi-dimensional Valuations

In this section we obtain a partial characterization of mechanisms that are IC
with public budgets by generalizing the “weak monotonicity” condition of [5]
from settings without budgets to settings with budgets. We use this partial
characterization together with a sophisticated way of lying, in which an agent
understates his valuation for some item and overstates his valuation for another
item, to prove that there can be no deterministic mechanism for divisible items
that is IR, PO, and IC with public budgets. Afterwards, we use this result to
show that there can be no randomized mechanism for either divisible or indivisible
items that is IR ex interim, PO ex interim, and IC ex interim for public budgets.

Partial Characterization of IC. For settings without budgets every mech-
anism that is incentive compatible must satisfy what is known as weak mono-
tonicity (WMON), namely if z and z; are the assignments of agent i for reports
v; and v;, then the difference in the valuations for the two assignments must

2 Both IR and PO are defined with respect to the reported types, and are satisfied
with respect to the true types only if the mechanism also satisfies IC.
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be at least as large under v} as under v;, i.e., vj(x;(6},0_;)) — vi(z:(0;,0—-;)) >
v (2:(0;,0-;)) — vi(z;(0;,0—-;)). We show that this is also true for mechanisms
that respect the publicly known budget limits P

Proposition 1. If a mechanism M = (z,p) for multi-dimensional valuations
and either divisible or indivisible items that respects the publicly known budget
limits is IC, then it satisfies WMON.

Deterministic Mechanisms for Divisible Items. We prove the impossibility
result by analyzing a setting with two agents and two items. This restriction is
without loss of generality as the impossibility result for an arbitrary number of
agents n > 2 and an arbitrary number of items m > 2 follows by setting v; ; = 0
if i > 2 or j > 2. In our impossibility proof agent 2 is not budget restricted (i.e.,
by > va1 + v2,2). Agents can lie when they report their valuations, and it is not
sufficient to study a single input to prove the impossibility. Hence, we study the
outcome for three related cases, namely Case 1 where v1,; < v21 and vy 2 < v22;
Case 2 where vy > v2.1, V1,2 < V2,2, and by > vy 1; and Case 3 where vy,; > va 1,
V1,2 > V2,2, and additionally, by > vy 1, v1,1v2,2 > v1,202,1, and vy 1 + v22 > by.
We give a partial characterization of those cases, which allows us to analyze the
rational behavior of the agents.

Case 1 is easy: Agent 2 is not budget restricted and has the highest valuations
for both items; so he will get both items. Thus the utility for agent 1 is zero. Based
on this observation Case 2 can be analyzed: Agent 1 has the higher valuation for
item 1, while agent 2 has the higher valuation for item 2. Thus, agent 1 gets item
1 and agent 2 gets item 2. Since the only difference to Case 1 is that in Case 2
v1,1 > v2,1 while in Case 1 v1,; < v2,1, the critical value whether agent 2 gets
item 1 or not is vy ;. Thus, in every IC mechanism, agent 1 has to pay vz ; and
has utility v; 1 —v2,1. The details of these proofs can be found in the full version
of the paper. Using these observations we are able to exactly characterize the
allocation produced in Case 3 as follows: In Case 3 agent 1 has a higher valuation
than agent 2 for both items, but he does not have enough budget to pay for both
fully. First we show that if agent 1 does not spend his whole budget (p1 < b1)
he must fully receive both items (specifically 1 2 = 1), since if not, he would
buy more of them. Additionally, even if he spent his budget fully (i.e., p1 = b1)
his utility u;, which equals x1 1v1,1 + 21,2v1,2 — b1, must be non-negative. Since
by > v1,1 this implies that x;; must be 1, i.e., he must receive item 1 fully, and
21,2 must be non-zero.

Lemma 1. Given V1,1 > V2,1, V1,2 > V2.2, by > V1,1, and V1,1V2,2 > V1,202 1, Zf
p1 < by then 1y =1 and z12 =1, else if pr = by thenz11 =1 and x12 > 0,
in every IR and PO outcome.

Then we show that actually x; 2 < 1, which, combined with the previous lemma,
implies that p; = b;. The fact that z; 2 < 1, i.e, that agent 1 does not fully get

3 Without this restriction we could charge p; > b; from all agents i € N to be IC.
This restriction is satisfied by IR mechanisms to which we will apply this result.
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item 1 and 2 is not surprising since he does not have enough budget to outbid
agent 2 on both items as by < va,1 +v2,2. However, we are even able to determine
the exact value of x1 2, which is (b1 — v21)/v2 2.

Lemma 2. Given bg > V21 + V2.2, V1,1 > V2,1, V1,2 > V2.2, b1 > V1,1, V1,102,2 >
v1,202,1, and Va1 + va2 > by, then p1 = by and x12 = (b1 —v2,1)/v22 < 1 in
every IR and PO outcome selected by an IC mechanism.

We combine these characterizations of Case 3 with (a) the WMON property
shown in Proposition [l and (b) a sophisticated way of the agent to lie: He
overstates his value for item 1 by a value o and understates his value for item
2 by a value 0 < 8 < «, but by such small values that Case 3 continues to
hold. Thus, by Lemma [ 31 remains 0 (whether the agent lies or does not),
and thus, the WMON condition implies that z3 2 does not increase. However,
by the dependence of z1 2 on ve 1 and ve o shown in Lemma 2] x5, and thus
also x3 2 changes when agent 2 lies. This gives a contradiction to the assumption
that such a mechanism exists.

Theorem 1. There is no deterministic IC mechanism for divisible items which
selects for any given input with public budgets an IR and PO outcome.

Proof. Let us assume by contradiction that such a mechanism exists and consider
an input for which by > v 1 +v22, v1,1 > V2,1, V1,2 > V2,2, b1 > V11, V11022 >
v1,2V2,1, and vg 1 + v22 > by holds. Such an input exists, for example v; ;1 = 4,
vi2 = 5, v21 = 3, and v2 2 = 4 with budgets by = 5 and by = 8 would be
such an input. Lemma [0l and 2] imply that 211 = 1, 201 = 0, 212 = bl;v;’l,
T2 = 1—1x1,2, and p; = by. Let us consider an alternative valuation by ageﬁt 2.
We define vy ; = vg1 + @ and v5 5 = v2 2 — 3 for arbitrary a, 8 > 0 and a >
which are sufficiently small such that vy 105 5 > v1 205 ; holds. By Proposition[I]

IC implies WMON, and therefore, x5 505 5 — 22059 > 59022 — T22v22. It
Hence, the budget

/

follows that 32 > 75 5, and by Lemma 2] blvf;);,l < blqzjl.

v2,2vl2,17v2,1v’2,2 w91 B4va 20 S
V2,20 5 B B

V2,1 + V2,2, but by < v2 1 + v2 2 holds by assumption. Contradiction! O

of agent 1 has to be large enough, such that b, >

Randomized Mechanisms for Divisible and Indivisible Items. We exploit
the fact that randomized mechanisms for both divisible and indivisible items are
essentially equivalent to deterministic mechanisms for divisible items.

We show that for agents with budget constraints every randomized mechanism
M = (z,p) for divisible or indivisible items can be mapped bidirectionally to a
deterministic mechanism M = (z,p) for divisible items with identical expected
utility for all the agents and the auctioneer when the same reported types are
used as input. To turn a randomized mechanism for indivisible items into a
deterministic mechanism for divisible items simply compute the expected values
of p; and z; ; for all ¢ and j and return them. To turn a deterministic mechanism
for divisible items into a randomized mechanism for indivisible items simply pick
values with probability z;; and keep the same payment as the deterministic
mechanism.
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Proposition 2. Every randomized mechanism M = (%,p) for agents with finite
budgets, a rational auctioneer, and a limited amount of divisible or indivisible
items can be mapped bidirectionally to a deterministic mechanism M = (z,p)
for divisible items such that u;(x;(0"),p:(0'),0;) = Eu;(z;(6"),p:(0'),0;)] and
doien Pi(0") = E[> ey Di(0)] for all agents i, all true types 6 = (v,b), and
reported types 6 = (v',b').

Proof. Let us map M = (z,p) to M = (z,p) that assigns for each agent i € N
and item j € M a fraction of E [Z; ;] of item j to agent ¢, and makes each agent
i € N pay E[p;]. The expectations exist since the feasible fractions of items and
the feasible payments have an upper bound and a lower bound. For the other
direction, we map M = (x,p) to M = (z,p) that randomly picks for each item
J € M an agent i € N to which it assigns item j in a way such that agent i is
picked with probability z; ;, and makes each agent ¢ € N pay p;. Since z = E [7]
and p = E [ﬁ]v ZjeM(xi,jUi,j) -pi=E [ZjeM(i‘iijiJ) — ﬁz} for all i € N and
YoienPi = E[Dicn Dil-

This proposition implies the non-existence of randomized mechanisms stated in
Theorem

Theorem 2. There can be no randomized mechanism for divisible or indivisible
items that is IR ex interim, PO ex interim, and IC ez interim, and that satisfies
the public budget constraint ex post.

Proof. For a contradiction suppose that there is such a randomized mechanism.
Then, by Proposition 2] there must be a deterministic mechanism for divisible
items and public budgets that satisfies IR, PO, and IC. This gives a contradiction
to Theorem [I1 O

4 Single-Dimensional Valuations

In this section we present exact characterizations of PO outcomes and mecha-
nisms that are IC with public budgets. We characterize PO by a simpler “no
trade” condition and, similar to Section [3 we extend the “classic” characteriza-
tion results for IC mechanisms for single-dimensional valuations (see, e.g., [T} [1])
without budgets to settings with public budgets. We use these characterizations
to show that there can be no deterministic mechanism for divisible items that is
IR, PO, and IC with public budgets. We also present a reduction to the setting
with a single (and thus homogeneous) item that allows us to apply the following
proposition from [4]. The basic building block of the mechanisms mentioned in
this proposition is the “adaptive clinching auction” for a single divisible item. It
is described for two agents in [7], as a “continuous time process” for arbitrarily
many agents in [4], and as an explicit polynomial-time algorithm for arbitrarily
many agents in the full version of this paper.

Proposition 3 ([4]). For a single divisible item there exists a deterministic
mechanism that satisfies IR, NPT, PO, and IC for public budgets. Additionally,
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for a single divisible or indivisible item there exists a randomized mechanism
that satisfies IR ex interim, NPT ex post, PO ex post, and IC ex interim for
private budgets.

Exact Characterizations of PO and IC. We start by characterizing PO
outcomes through a simpler “no trade” condition. Outcome (z,p) for single-
dimensional valuations and either divisible or indivisible items that respects
the budget limits satisfies no trade (NT) if (a) > ,cyxi; = 1 for all j € M,
and (b) there is no 2 such that for 6; = > . )/ (2] ; — @ij)oy for all i € N,
W={ie N|d6 >0}, and L = {i € N | &; <0} we have ),y div; > 0 and
Y icw Min(b; — pi, 0;v;) + > oy vy > 00 This definition says that there should
be no alternative assignment that overall increases the sum of the valuations, and
allows the “winners” to compensate the “losers”. It differs from the definitions
in prior work in that it allows trades that involve both items and money. We
will exploit this fact in the proof of our impossibility result.

Proposition 4. Outcome (z,p) for single-dimensional valuations and either di-
visible or indivisible items that respects the budget limits is PO if and only if it
satisfies NT.

Next we characterize mechanisms that are IC with public budgets by “value
monotonicity” and “payment identity”. Mechanism M = (z,p) for single-
dimensional valuations and indivisible items that respects the publicly known
budgets satisfies value monotonicity (VM) if for all i € N, 0; = (v;,b;), 0, =
(v}, b;), and 0_; = (v_;,b_;) we have that v; < v} implies ZjeM x;,5(0:,0-i)a; <
> jen i (07, 0_;)a;. Mechanism M = (x,p) for single-dimensional valuations
and indivisible items that respects the publicly known budgets satisfies payment
identity (PI) if for all ¢ € N and 6 = (v,b) with ¢y, < v; < ¢,,,, we have
pi(0) = pi((0,6;),0-;) + Zizl(’ys — Vs—1)Cy, (i, 0_;), where 7o < 71 < ... are
the values Z]EM x; jo; can take and c., (b;,0_;) for 1 < s < t are the corre-
sponding critical valuations. While VM ensures that stating a higher valuation
can only lead to a better allocation, PI gives a formula for the payment in terms
of the possible allocations and the critical valuations. In the proof of our im-
possibility result we will use the fact that the payments for worse allocations
provide a lower bound on the payments for better allocations.

Proposition 5. Mechanism M = (x,p) for single-dimensional valuations and
indivisible items that respects the publicly known budgets is IC if and only if it
satisfies VM and PL

Deterministic Mechanisms for Indivisible Items. The proof of our impos-
sibility result uses the characterizations of PO outcomes and mechanisms that
are IC with public budgets as follows: (a) PO is characterized by NT and NT
induces a lower bound on the agents’ payments for a specific assignment, namely

* For PO we only need that the outcome respects the reported budget limits. Hence
our characterization also applies in private budget settings.
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for the case that agent 1 only gets item m. (b) IC, in turn, is characterized by
VM and PI. Now VM and PI can be used to extend the lower bound on the
payments for the specific assignment to all possible assignments. (¢) Finally, IR
implies upper bounds on the payments that, with a suitable choice of valuations,
conflict with the lower bounds on the payments induced by NT, VM, and PI.

Theorem 3. For single-dimensional valuations, indivisible items, and public
budgets there can be no deterministic mechanism M = (x,p) thatl satisfies IR,
PO, and IC.

Proof. For a contradiction suppose that there is a mechanism M = (z,p) that
is IR, PO, and IC for all n and all m. Consider a setting with n = 2 agents and
m = 2 items in which v1 > v9 > 0 and b1 > ajvs.

Observe that if agent 1’s valuation was v; = 0 and he reported his valuation
truthfully, then since M satisfies IR his utility would be u1((0,b1),0—-1, (0,b1)) =
—p1((0,b1),60_1) > 0. This shows that p;((0,b1),0-1) < 0.

By PO, which by Proposition[lis characterized by NT, agent 1 with valuation
v1 > v and budget by > a3v2 must win at least one item because otherwise he
could buy any item from agent 2 and compensate him for his loss.

PO, respectively NT, also implies that agent 1’s payment for item 2 must be
strictly larger than by — (a1 — ag)ve because otherwise he could trade item 2
against item 1 and compensate agent 2 for his loss.

By IC, which by Proposition [l is characterized by VM and PI, agent 1’s
payment for item 2 is given by p1({2}) = p1((0,b1),0-1) + aaca, (b1,0-1), where
Cas 1s the critical valuation for winning item 2. Together with p1 ({2}) > b1 — (a1 —
ag)vs this shows that ca, (b1,0-1) > (1/a2)[by — (a1 — az)va — p1((0,b1),0-1)].

1C, respectively VM and PI, also imply that agent 1’s payment for any non-
empty set of items S in terms of the fractions 4 = Zjes aj > >y =an >
~o = 0 and corresponding critical valuations ¢, (b1,0-1) > -+ > ¢, (b1,6-1) =
Can(b1,0-1) 15 p1(S) = p1((0,b1),0-1) + 3" (Y5 — Vs—1)¢y, (b1,6_1). Because
Cyo(b1,0-1) > Cayp(b1,0_1) for all s and ' (s — Ys-1) = > jes @ we obtain
p1(S) > p1((0, bl)’ 9—1) —+ (Zjes aj)ca2 (blv 9—1)'

Combining this lower bound on p;(S) with the lower bound on cq,(b1,0-1)
shows that p;(S) > (Zjes aj/a)br — (1 — ag)val.

For vy such that (1/ag)[b1 — (a1 — ae)vz] > v1 > vy we know that agent 1
must win some item, but for any non-empty set of items S the lower bound on
agent 1’s payment for S contradicts IR. O

Randomized Mechanisms for Indivisible and Divisible Items. Interest-
ingly, the impossibility result for deterministic mechanisms for indivisible items
can be avoided by a randomized mechanism: (a) Apply the randomized mech-
anism for a single indivisible item of [4] to a single indivisible item for which
agent i € N has valuation ¥; = >,y ;vi. (b) Map the single-item outcome
(%, p) into an outcome (x,p) for the multi-item setting by setting z; ; = 1 for all
j € M if and only if #; = 1 and setting p; = p; for all i € N.

A similar idea works for divisible items. The only difference is that we use the
mechanisms of [4] for a single divisible item, and map the single-item outcome
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(%, p) into a multi-item outcome by setting x; ; = &; for alli € N and all j € M
and setting p; = p; for all i € N.

The main difficulty in proving that the resulting mechanisms inherit the prop-
erties of the mechanisms in [4] is to show that the resulting mechanisms satisfy
PO (ex post). For this we argue that a certain structural property of the single-
item outcomes is preserved by the mapping to the multi-item setting and remains
to be sufficient for PO (ex post).

Proposition 6. Let (Z,p) be the outcome of our mechanism and let (x,p) be
the outcome of the respective mechanism of [J)], then w;(Z;,p;) = ui(x;,pi) for
all i € N resp. E[ui(Z;,0:)] = E[ui(zi,p;)] for alli € N.

Theorem 4. For single-dimensional valuations, divisible or indivisible items,
and private budgets there is a randomized mechanism that satisfies IR ex interim,
NPT ex post, PO ex post, and IC ex interim. Additionally, for single-dimensional
valuations and divisible items there is a deterministic mechanism that satisfies
IR, NPT, PO, and IC for public budgets.

Proof. IR (ex interim) and IC (ex interim) follow from Proposition [l and the
fact that the mechanisms of [4] are IR (ex interim) and IC (ex interim). NPT
(ex post) follows from the fact that the payments in our mechanisms and the
mechanisms of [4] are the same, and the mechanisms in [4] satisfy NPT (ex post).
For PO (ex post) we argue that the structural property of the outcomes of the
mechanisms in [4] that (a) 32,y @i; = Lfor all j € M and (b) 3>, 5, Ti; >0
and v > v; imply p;; = by is preserved by the mapping to the multi-item setting
and remains to be sufficient for PO (ex post).

We begin by showing that the structural property is preserved by the mapping.
For this observe that >, #;; = 1 for all j € M implies that ),y x;; =1
for all j € M and that Z]EM Z;; > 0 and 9y > v; imply py = by implies that
ZjeM x;; > 0 and vy > v; imply py = by,

Next we show that the structural property remains to be sufficient for PO
(ex post). For this assume by contradiction that the outcome (z,p) is not PO
(ex post). Then, by Proposition [ there exists an x’ such that ),y div; > 0
and ) ;o min(b; — pi, 6;v;) + > ;o divi > 0, where 0; = ZjeM(x’i’j — T 5)0y,
W={ieN|é>0},and L ={ie N | <0}

Because (x,p) satisfies condition (a), i.e., > ;. y s = 1 for all j € M, and
7' is a valid assignment, i.e., Y ;. n 7} ; < 1 for all j € M, we have >, d; =
D jen 2ien (@i — i)y < 0. Because Y-,y div; > 0 we have 3,y 6505
> ien 0ivi > 0 and, thus, D,y 6; > 0. We conclude that » ., 6; = >,y 6
> icw 0i <0 and, thus, >, ; d;v; <0.

Because (z,p) satisfies condition (b), i.e., ZjeM z;; > 0 and vy > v; imply
pir = by, there exists a ¢t with 1 <¢ < n such that (1) ZjeM x;; > 0and p, =b;
for1 <i<t,(2) ZjeMxm >0andp; <b; fori=t+1,and (3) ZjeMxm =0
and p; <b;fort+2<i<n.

Case 1:t = n. Then }_, v, min(b; — p;, 6;v;) = 0 and, thus, >,y min(b; —
Dis 51”1) -+ ZiEL 51"1)2‘ < 0.

(VS
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Case 2:t < nand WN{l,...,t} = 0. Then Y, divi < Doy 0iVis1

and Y. ; 0iv; <)oy 0veqr and, thus, Y7, 8 0w = Yoy v + D0y 0 <
ZiEN divir1 < 0.
Case 8:t < n and W N {l,...,t} # 0. Then >, min(p; — b, 0;v;) <

ZieW\{l..t} divepr and Y ;0w <Y iop 6iverr and, thus, )y min(p; —
bi, 0ivi) + X ier, 00 < (Xien 0i = Diewnqa,... ey 0i)ve+1 < 0. |

5 Conclusion and Future Work

In this paper we analyzed IR, PO, and IC mechanisms for settings with het-
erogeneous items. Our main accomplishments are: (a) An impossibility result
for randomized mechanisms and public budgets for additive valuations. (b) Ran-
domized mechanisms that achieve these properties for private budgets and a
restricted class of additive valuations. We are able to circumvent the impossi-
bility result in the restricted setting because our argument for the impossibility
result is based on the ability of an agent to overstate his valuation for one and
understate his valuation for another item, which is not possible in the restricted
setting. A promising direction for future work is to identify other valuations for
which this is the case.
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